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ABSTRACT: Drought is a complex and multi-attribute natural hazard that has worldwide effects. Defined by a commonly
used standardized precipitation index (SPI), each drought event is characterized by three correlated attributes: severity,
duration and frequency. A probabilistic approach is developed to establish a drought severity-duration-frequency (SDF)
relationship. Copulas are employed to construct the joint distribution function of drought severity and duration. Drought
frequency, in terms of recurrence interval of drought events, is then related to the copula-based distribution function via
a conditional distribution function. The derived analytic drought SDF thus becomes a function of univariate distribution
functions of drought severity and duration, a copula function which links the fitted univariate models, and the arrival rate
of drought events. In this study, rainfall data for the period of 1954–2003 from two gauge stations in Iran, Abadan in the
southwestern semi-arid region and Anzali in the north humid region, are employed as an example to illustrate the proposed
approach. From the derived drought SDF, drought severity in Anzali station is greater than those in Abadan station for
given drought duration and recurrence interval. The results imply that the drought severity in humid region might be more
severe if high rainfall fluctuations exist in that region. Copyright  2009 Royal Meteorological Society
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1.

Introduction

Drought is a normal and recurrent phenomenon that
affects humid as well as arid regions to some degree.
Stemming from an absence of rainfall, severe droughts
may lead to inadequate water supplies in urban and
agricultural areas. Wilhite (2000) indicated that drought
is the costliest natural hazard in the world. Understanding
drought characteristics is, therefore, an essential element
in well-prepared drought management plans.
Since droughts are dynamic and multi-attributable in
nature, simultaneous assessment of the multi-attributes of
droughts is important in evaluating the risk of droughts.
A significant amount of research (Gupta and Duckstein,
1975; Sen, 1980; Dracup et al., 1980; Zelenhastic and
Salvai, 1987; Frick et al., 1990; Kendall and Dracup,
1992; Loáiciga and Leipnik, 1996; Chung and Salas,
2000; Cancelliere and Salas, 2004) has developed probabilistic methods to investigate properties of droughts.
Multiple attributes of droughts have been evaluated in
these studies, but significant correlation relationships are
not revealed by separate consideration of correlated characteristics. Some researchers including Shiau and Shen
(2001), Bonaccorso et al. (2003), González and Valdés
(2003), Loáiciga (2005) and Kim et al. (2006a, 2006b),
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further extended the univariate analysis to explore bivariate frequency of droughts.
Joint multivariate models of droughts are difficult to
establish because different distribution functions are often
used to fit various attributes of droughts such as severity and duration. Such difficulty is alleviated by using
copulas to link different marginal distributions to construct the joint multivariate distribution function. Copulas
are widely used to investigate multivariate distribution
in hydrology. However, most research focuses on rainfall and floods (De Michele and Salvadori, 2003; Favre
et al., 2004; Salvadori and de Michele, 2004a, 2004b;
De Michele et al., 2005; Shiau et al., 2006; Grimaldi and
Serinaldi, 2006; Salvadori and de Michele, 2006; Zhang
and Singh, 2006; Kao and Govindaraju, 2007; Renard
and Lang, 2007; Zhang and Singh, 2007; Evin and Favre,
2008; Kao and Govindaraju, 2008). To our knowledge,
Shiau (2006) is the first use the copula method to investigate the drought problem.
Rainfall intensity-duration-frequency (IDF) analysis
is a useful multivariate tool in urban drainage design
because it relates rainfall intensity, rainfall duration and
frequency of occurrence (in terms of recurrence interval)
in a single diagram. Dalezios et al. (2000) used such a
technique to develop drought severity-duration-frequency
(SDF) curves in Greece. In practice, rainfall IDF curves
or drought SDF curves are derived empirically: no
analytic approaches for such multivariate curves have
been proposed. In the present study, analytical derivation
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of copula-base, drought SDF curves is developed based
on the previous studies of drought analysis using the
copula method (Shiau, 2006; Shiau et al., 2007).
The present study aims to investigate multi-attributes
of droughts in terms of copula-based drought severityduration-frequency (SDF) curves. Droughts are defined
by the commonly used standardized precipitation index
(SPI) (McKee et al., 1993) for 3-month rainfall series.
Drought severity and duration are abstracted from
observed drought data and fitted by a probabilistic model.
Copulas are then used to link the fitted model to construct
the joint distribution function and to establish the drought
SDF curve. Rainfall records of the period of 1954–2003
for two raingauge stations located at different climatic
regions in Iran are selected as an example to illustrate the
proposed method and to explore the drought attributes at
two different climatic regions.

2.

Study Area and Data Used

Iran lies approximately between 45° –65 ° E and 25° –45° N
and is surrounded by two major mountain ranges, Alborz
in the north and Zagros in the west. The highest peak of
the Alborz mountain range, with an elevation of 5628 m
above mean sea level, is the highest elevation in Iran.
These mountains impede Mediterranean moisture systems
crossing through the inland region of Iran. Great spatial
variation of rainfall, therefore, exists in Iran. The longterm mean annual rainfall in Iran ranges from below
100 mm to exceeding 1000 mm (Modarres, 2006).
In this study, rainfall records from two raingauge stations, Abadan and Anzali (Figure 1), located in different
climatic zones are selected to explore their drought characteristics. Abadan is located in southwestern semi-arid
Iran and Anzali station is located in northern Iran which is
classified as a humid region. The mean annual rainfalls

for Abadan and Anzali stations are 155 and 1860 mm,
respectively (Table I).
The monthly rainfall records of both stations for the
period 1954–2003 are employed in drought analysis.
Figure 2 demonstrates the monthly rainfall distribution
for both stations. A clear unevenly distributed monthly
rainfall pattern is observed. Recently, the standardized
precipitation index (SPI), developed by McKee et al.
(1993), has gained worldwide popularity in drought
monitoring and analysis (Patel et al., 2007). The SPI,
thus, is used to define droughts in this study. The 3-month
SPI is calculated first based on the methodology described
by Vicente-Serrano (2006). The 3-month SPI series of
the period 1954–2003 for Abadan and Anazli, shown in
Figure 3, is used to determine drought characteristics. As
drought is defined when the values of SPI fall below zero,
a drought event is considered a period with negative SPI
values. Drought duration denoted by D, therefore, is the
continuous negative-SPI periods, while drought severity
denoted by S is the cumulative values of SPI within the
drought duration. For convenience, drought severity is
taken to be positive, which is defined by:

S=−

D


SP Ii

(1)

i=1

The basic statistics of drought duration and severity
for both Abadan and Anazli are also summarized in
Table I. Although the number of droughts occurred in
the period of 1954–2003 for both stations are nearly the
same, both the standard deviation of drought duration
and severity for Anazli are larger than those of Abadan.
This fact indicates that drought characteristics are highly
fluctuating for Anazli.

Figure 1. Location map of the two rainfall gauge stations (Abadan and Anzali) in Iran.
Copyright  2009 Royal Meteorological Society
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Table I. Basic statistics of rainfall and droughts for Abadan and Anazli.
Station
Climatic zone
Rainfall

Mean annual rainfall (mm)
Standard deviation (mm)
Coefficient of variation (%)

Drought

No. of droughts (1954–2003)
Arriving rate (number/year)

Abadan
Semi-arid
155
62
40
83
1.66

Anazli
Humid
1860
351
18.9
82
1.64

Duration (months)

Mean
Standard deviation
Minimum
Maximum

2.663
2.062
1
9

3.744
2.698
1
13

Severity

Mean
Standard deviation
Minimum
Maximum

2.061
2.500
0.03
13.67

3.005
2.881
0.07
13.59

Figure 2. Monthly rainfall distribution for (a) Abadan and (b) Anzali.

3.

Methodology

3.1. Definition of copulas
To model a multivariate hydrological process, a joint
distribution of such correlated multivariates is an appropriate method to investigate simultaneously relationships
among correlated variables. However, multivariate modelling has not been widely used in hydrology since the
correlated variables may not be best fitted by the same
Copyright  2009 Royal Meteorological Society

type of distributions and few models are available for
such conditions. Multivariate distribution construction
using copulas, developed by Sklar (1959), can overcome
such difficulties which arise in practical applications. The
essential concept of copulas is that a joint distribution of
correlated multivariates can be expressed as a function
of univariate marginal distributions. That is, a copula is a
function that links univariate marginal distribution functions to construct a multivariate distribution function.
Meteorol. Appl. 16: 481–489 (2009)
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Figure 3. Three-month standardized precipitation index (SPI) series for (a) Abadan and (b) Anzali.

Sklar’s Theorem states that if FX1 , X2 , ...,Xm (x1 , x2 , . . .,
xm ) is a multivariate distribution function of m correlated
random variables of X1 , X2 , . . . , Xm with respectively
marginal distributions FX1 (x1 ), FX2 (x2 ), . . . , FXm (xm ),
then there exists a copula C such that:
FX1 ,

X2 , ..., Xm (x1 ,

TS|D (s|d) =

x2 , . . . , xm )

= C(FX1 (x1 ), FX2 (x2 ), . . . , FXm (xm ))

(2)

Conversely, for any univariate marginal distributions
FX1 (x1 ), FX2 (x2 ), . . . , FXm (xm ), and any copula C,
the function FX1 , X2 , ..., Xm (x1 , x2 , . . . , xm ) is a joint
distribution function with marginal distribution functions
FX1 (x1 ), FX2 (x2 ), . . . , FXm (xm ).
Detailed properties and various types of copulas can
be founded in Joe (1997), Nelsen (1999), Cherubini et al.
(2004) and Salvadori et al. (2007). Since using copulas
offers greater flexibility to select suitable univariate
distributions well fitted to the observed data and easier to
construct a multivariate distribution, copulas are used in
this study to construct the multivariate drought model.
3.2. Copula-based drought severity-duration-frequency
relationship
In order to explore the correlated drought characteristics,
the drought SDF relationship using copula is proposed in
this study. Each drought event is characterized by drought
severity and duration and, therefore, is considered a
bivariate random variable. The relationship among the
Copyright  2009 Royal Meteorological Society

drought severity, drought duration and frequency (in
terms of recurrence interval) for drought events can be
represented by the conditional recurrence interval, which
is given by:
1
γ (1 − FS|D (s|d))

(3)

where s and d denote drought severity and drought duration, respectively; FS|D (s|d) is the conditional cumulative distribution function of S given D = d, that is
FS|D (s|d) = P (S ≤ s|D = d); TS|D (s|d) is the conditional recurrence interval of S given D = d; γ is the
arriving rate of the drought events.
The conditional cumulative distribution function FS|D
(s|d) relates to the joint cumulative distribution function
(JCDF) of drought severity and duration FS, D (s, d) and
the cumulative distribution function (CDF) of drought
duration FD (d) is given by the following relationship:
FS|D (s|d) =

∂FS,D (s, d)
∂FD (d)

(4)

where FD (d) is the CDF of drought duration; FS, D (s, d)
is the JCDF of drought severity and drought duration.
Thus, to establish the theoretical drought SDF relationship, FS, D (s, d) and FD (d) need to be derived
first. Since drought severity and duration may not have
identical types of distribution functions, the commonly
used bivariate distribution functions with same type of
Meteorol. Appl. 16: 481–489 (2009)
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marginal distributions such as bivariate exponential distribution, are generally not fitable to the observed drought
data. Copulas, initialized by Sklar (1959), can model the
dependence relationship among random variables independently of their marginal distributions. Therefore, using
copulas to construct the JCDF of drought severity and
duration can overcome such difficulties if they are fitted
by different types of CDFs. The JCDF of drought severity
and duration in terms of copulas is a function of univariate CDFs of drought duration and drought severity, which
is defined by Equation (2) and given by:

∂FS,D (s, d)
∂C(FS (s), FD (d))
=
∂FD (d)
∂FD (d)
= CFS |FD (FS (s)|FD (d))
(6)

FS|D (s|d) =

where CFS |FD (FS (s)|FD (d)) is a conditional copula.
The conditional recurrence interval TS|D (s|d) defined
in Equation (3), denoting the theoretical drought SDF
relationship, thus, becomes:

=

1
γ (1 − FS|D (s|d))
1
γ {1 − CFS |FD (FS (s)|FD (d))}

(7)

The derived theoretical drought SDF relationship in
terms of copulas, therefore, is a function of univariate
CDFs of drought severity FS (s) and drought duration
FD (d), a copula function, C, which is used to construct
the dependence between drought severity and duration,
and the arriving rate of drought events γ . This general
formula can be applied to any location for any hydrologic
variables used to define droughts except that FS (s),
FD (d), C, and γ need to be fitted from the observed
drought data.

4.

Results and Discussion

4.1. Univariate CDFs for drought severity and duration
The drought severity and duration for both Abadan and
Anzali were calculated from observed droughts defined
by SPI, which are demonstrated in Figure 6(a) and
(b). Significant correlations observed between drought
severity and duration reveals that drought severity and
duration should be modelled jointly. In terms of copulas,
the joint distribution function is a function of the marginal
univariate distribution functions. Thus, the univariate
Copyright  2009 Royal Meteorological Society

(8)
(9)

(5)

where FS (s) and FD (d) are CDFs for drought severity
and drought duration, respectively; C is a copula function.
Therefore, the conditional distribution function FS|D
(s|d) defined in Equation (4) is also expressed as a
function of copula, that is:

TS|D (s|d) =

s α−1 −s/β
e
, s>0
β α (α)
1
fD (d) = e−d/λ , d > 0
λ
fS (s) =

where α and β are shape and scale parameters of
the gamma distribution and λ is the parameter of the
exponential distribution, which need to be estimated from
the observed data.
These parameters, drought severity and duration, are
estimated by the maximum likelihood method and are
summarized in Table II. These fitted models for both
stations Abadan and Anazli are shown in Figures 4 and 5,
which show good agreement with the observed drought
data. The Kolmogorov-Smirnov (K-S) goodness-of-fit
test is used to detect whether the proposed models can be
used to represent the observed data. The critical values
for sample size of 83 (Abadan) and 82 (Anazli) are
0.134 and 0.135, respectively, at the 10% significance
level. The maximum deviations between observed data
and proposed models of drought duration and severity for
Abadan and Anazli are also reported in Table II, which
all are less than the critical values. The results indicate
that the hypothesis of proposed gamma and exponential
distributions to model drought severity and duration for
both Abadan and Anazl, respectively, cannot be rejected.
Table II. Parameters of proposed models.
Station

Abadan

Dmax

Anazli

Dmax

Duration

λ

2.125

0.077

3.219

0.121

Severity

α
β

0.737
2.796

0.096

0.917
3.277

0.066

Cumulative probability

FS, D (s, d) = C(FS (s), FD (d))

CDFs of drought severity and duration needs to be fitted
from the observed drought data first. Generally, drought
severity and duration can be fitted to the gamma and
exponential distributions, respectively, with probability
density functions (PDF) shown below:
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Figure 4. Observed drought severity and fitted gamma model for
Abadan and Anzali. Abadan (Observed) +, Abadan (fitted) −, Anzali
(Observed) ×, Anzali (fitted) - - - - .
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Similarly, the copula-based JCDF associated with
univariate CDFs of drought severity and duration for
Anazli are:

− 1
FS,D (s, d) = (FS (s)−1.497 + FD (d)−1.497 − 1) 1.497
0

1

2

3

4

5

6

7

8

9

10 11 12 13 14

Since drought severity and duration are modelled by
different CDFs, copulas are used to link the fitted models
and construct the JCDF of drought severity and duration.
In this study, the Clayton copula is employed to model the
dependence between drought severity and duration since
it is of simple form and is commonly used in hydrology.
The copula-based JCDF of drought severity and duration,
therefore, become:

s

FS (s) =

Figure 5. Observed drought duration and fitted exponential model for
Abadan and Anzali. Abadan (Observed) +, Abadan (fitted) −, Anzali
(Observed) ×, Anzali (fitted) - - - - .

4.2. Copula-based JCDF of drought severity and
duration

(14)



Drought duration (months)

0

t

−0.083

0.917

3.277

(0.917)

e−t/3.277 dt

(15)

FD (d) = 1 − e−d/3.219

(16)

The contours of joint probability associated with the
observed drought data for Abadan and Anazli are demonstrated in Figure 6(a) and (b), respectively.

(a) 10
0.7

9

0.8

0.9

0.4 0.6

8 0.2

θ ≥0

(10)

where FS and FD are the univariate CDFs for drought
severity and duration, respectively; and θ is a parameter
used to measure the degree of association between FS
and FD .
For both the Abadan and Anazli stations considered
in this study, drought severity and duration are modelled separately by gamma and exponential distributions, which are described in Equations (8) and (9) with
parameters summarized in Table II. The parameter of the
Clayton copula is estimated by the method of inference
function for margins (IFM) (Joe, 1997). The values of
these parameters for Abadan and Anazli are 1.527 and
1.497, respectively. Therefore, the copula-based JCDF of
drought severity and duration for Abadan is:


−1.527

FS,D (s, d) = FS (s)

−1.527

+ FD (d)

− 1
− 1 1.527

(11)

6
5
4
3
2
0.5

1
0

0

1

2

(b) 12

3
4
5
6
7
Drought duration (months)
0.6

11

0.7

0.8

0.1
8

0.3
9

10

0.9

0.3 0.5

10 0.1
9
Drought severity

−1
C(FS , FD ) = (FS−θ + FD−θ − 1) θ ,

Drought severity

7

8
7
6
5
4

where FS and FD are CDFs for drought severity and
duration, respectively. With parameters summarized in
Table II, FS and FD become:

3
2

0



s

FS (s) =
0

t −0.263
2.7960.737 (0.737)

FD (d) = 1 − e−d/2.125
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e

−t/2.796

dt

(12)
(13)
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Figure 6. The contours of joint probabilities of drought severity and
duration for (a) Abadan and (b) Anzali.
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4.3. Copula-based drought SDF curves

(a) 12
20 yr
10
Drought severity

The conditional Clayton copula in terms of FS (s) and
FD (d) has the following form (Joe, 1997):
CFS |FD (FS (s)|FD (d))

= 1 + FD (d)θ (FS (s)−θ

− 1 −1
− 1) θ

(17)



γ 1 − 1 + FD (d)θ FS (s)−θ

1 yr

0

2

4
6
8
Drought duration (months)

10

− 1 −1
θ
−1

12

(b) 14
20 yr

12

1


2 yr

4

0



Drought severity



5 yr

6

2

Since the conditional distribution function FS|D (s|d)
defined in Equation (4) has the identical form with
conditional copula, the copula-based drought SDF curve
is therefore given by:
TS|D (s|d) =

10 yr
8

(18)

10 yr

10
8

5 yr

6

2 yr

4
1 yr

2

The arrival rate of drought events for Abadan and
Anazli are 1.66 and 1.64, respectively (Table II). Thus,
the theoretical drought SDF relationships for both Abadan
and Anazli become:

0

0

2

4
6
8
Drought duration (months)

10

12

Figure 7. The drought SDF curves for (a) Abadan and (b) Anzali.

TS|D (s|d)


1



− 1 −1
1.527
1.66 1 − 1 + FD (d)1.527 FS (s)−1.527 − 1

14



12
Drought severity

=

(19)
TS|D (s|d)
=



10
8
6
4
2

1



− 1 −1
1.497
1.64 1 − 1 + FD (d)1.497 FS (s)−1.497 − 1

(20)
The developed drought SDF curves for Abadan and
Anazli with selected recurrence intervals of 1, 2, 5,
10 and 20 years are illustrated in Figure 7(a) and (b),
respectively. These SDF curves show a concave down
pattern. i.e. these curves increase with drought duration,
but at a decreasing rate(that is, drought severity increases
rapidly during the stage of short drought duration). As
drought duration continuously increases, drought severity
increases mildly and then approximately approaches a
constant value. The constant value of drought severity for
longer drought duration and a given recurrence interval
can be derived analytically from Equation (17). Since the
value of FD (d) is approximately equal to one for very
large d, the constant value of drought severity for given
recurrence interval is thus determined by:


1 

1
1
+
θ
s = FS−1
1−
(21)


γT
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14

Figure 8. The drought severity limit of longer drought duration for
(a) Abadan and (b) Anzali. Abadan ×, Anzali .

For the models and parameters estimated from the
observed drought data, the constant values of drought
severity of longer drought duration shown in Figure 7
for Abadan and Anazli with various recurrence intervals
are demonstrated in Figure 8. Generally, drought severity
at Anzali is greater than the value at Abadan for the
same duration and recurrence interval. The more severe
droughts occurred in the humid region is attributed to the
highly fluctuating rainfall there.

5.

Summary and Conclusions

As drought is a critical component in water resources
planning and management, understanding drought characteristics is an essential step to construct efficient mitigation measures for drought-related problems. In this
study, drought is defined by the standardized precipitation index (SPI) series when the values below zero.
Each drought event is characterized by drought ‘severity
Meteorol. Appl. 16: 481–489 (2009)
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and duration’, which are separately modelled by a probabilistic distribution function. A copula function is then
employed to link the fitted model and to construct joint
distribution function of drought severity and duration.
Based on the conditional distribution function and the
derived copula-based joint distribution function, the analytical expression of drought severity-duration-frequency
(SDF) are then derived. The copula-based drought SDF
curves become a function of univariate distribution function of drought severity and duration, a copula function
which is used to describe the dependence structure of
drought severity and duration, and the arriving rate of
drought event.
The drought SDF curves of various recurrence intervals for two rainfall gauge stations at different climatic regions in Iran are developed by the proposed
approach. These drought SDFs are concave down curves.
That is, drought severity increases with drought duration, but at a decreasing rate. As drought duration continuously increases, drought severity initially increase
rapidly, then mildly, finally approaching a constant value.
The constant value of each SDF curve can also be
theoretically derived because that the value of probability approximately approaches one for longer drought
durations. The merit of analytical expression of the
drought SDF curves can be seen here. According to the
derived drought SDF curves, drought severity at Anzali
is generally greater than the value at Abadan for the
same duration and recurrence interval. The more severe
droughts occurred in the humid region is attributed to
the fact that highly fluctuating rainfall exists in that
region.
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Publications de l’Institut de Statistique de l’Université: Paris, 8,
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