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The traditional hydrologic time series approaches are used for modeling, simulating and forecasting con-
ditional mean of hydrologic variables but neglect their time varying variance or the second order
moment. This paper introduces the multivariate Generalized Autoregressive Conditional Heteroscedas-
ticity (MGARCH) modeling approach to show how the variance–covariance relationship between hydro-
logic variables varies in time. These approaches are also useful to estimate the dynamic conditional
correlation between hydrologic variables. To illustrate the novelty and usefulness of MGARCH models
in hydrology, two major types of MGARCH models, the bivariate diagonal VECH and constant conditional
correlation (CCC) models are applied to show the variance–covariance structure and cdynamic correla-
tion in a rainfall–runoff process. The bivariate diagonal VECH-GARCH(1,1) and CCC-GARCH(1,1) models
indicated both short-run and long-run persistency in the conditional variance–covariance matrix of the
rainfall–runoff process. The conditional variance of rainfall appears to have a stronger persistency, espe-
cially long-run persistency, than the conditional variance of streamflow which shows a short-lived drastic
increasing pattern and a stronger short-run persistency. The conditional covariance and conditional cor-
relation coefficients have different features for each bivariate rainfall–runoff process with different
degrees of stationarity and dynamic nonlinearity. The spatial and temporal pattern of variance–covari-
ance features may reflect the signature of different physical and hydrological variables such as drainage
area, topography, soil moisture and ground water fluctuations on the strength, stationarity and nonlin-
earity of the conditional variance–covariance for a rainfall–runoff process.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction

Hydro-meteorological processes have a dynamic and complex
structure in space and time and most of their properties are not
well understood. One of these properties is the nonlinearity of
the hydrologic variables in space and time. A major concern in
hydrologic modeling is, therefore, whether the underlying process
should be modeled as linear or nonlinear.

The rainfall–runoff (R–R) process is a well-known highly com-
plex and nonlinear phenomenon in hydrology with obvious rele-
vance for water resources management. A considerable effort has
been devoted to develop models for runoff estimation from rainfall
data and to understand the dynamic features of the R–R process.
Deterministic (physical), conceptual and parametric (empirical)
models are the terms used for R–R model classification (Dawson
and Wilby, 2001). The first model is based on physical laws of mass
and energy transfer while the second provides a simplified repre-
sentation of hydrological processes. In practice, the lack of suffi-
cient (physical) data often impedes the application of these types
of models (Liu and Todini, 2002). The third category represents
the mathematical transfer functions to transfer meteorological
variables into runoff. These methods are popular and commonly
used for modeling hydrological processes such as the R–R process
as they are often cheaper, simpler to implement and require less
data than other models.

Statistical methods such as multivariate regression models
(Wang et al., 2008; Hundecha et al., 2008; McIntyre and Al-Qurash-
i, 2009, among others), artificial neural networks (Kumar et al.,
2005; Nayak et al., 2007; Machado et al., 2011, among others)
and multivariate time series models have been considered in the
third category for R–R modeling.

Although time series models are well known and applied in
hydrology, climatology and water resources management, the
multivariate time series approaches are rarely applied for the mod-
eling of hydrologic processes such as the R–R process (e.g. Cooper
and Wood, 1982; Camacho et al., 1987). More recently, Niedzielski
(2007) applied a multivariate Autoregressive (MAR) technique for
regional scale R–R process. However, nonlinear multivariate time
series approaches have not been investigated and applied for R–R
modeling.

One of the most common nonlinear time series models is the
Generalized Autoregressive Conditional Heteroscedasticity
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(GARCH) model which has been very popular in finance and econo-
metrics since the seminal papers of Engle (1982) and Bollerslev
(1986) which extended traditional ARMA models for the condi-
tional mean to essentially analogous models for conditional vari-
ance and to describe changes in the volatility of financial time
series. In the case of hydrology and climatology, therefore, the vol-
atility refers to the squared random shocks or random process or
innovations behind the dynamic variation of hydrologic and cli-
matic processes after modeling the autoregressive structure of
the variance. In other words and in terms of and ARMA model,
the volatility is modeled by a moving average process.

Further extension of this univariate model to a multivariate
model, usually analogous to the extension from the ARMA to the
vector ARMA was proposed by Engle and Kroner (1995). The
multivariate GARCH (MGARCH) models have then been commonly
applied to study the relations between the volatilities and co-vol-
atilities of several markets (e.g. De Goeij and Marquering, 2004;
Serban et al., 2007; Cai et al., 2009; Syllignakis and Kouretas, 2011).

The objectives of the present paper are twofold. First, we dis-
cuss the univariate conditional variance modeling approach to cap-
ture the heteroscedasticity which remains in the residuals of the
linear time series models such as the ARMAX mode for a rain-
fall–runoff process. Second and the major objective is to fill the
gap of developing multivariate heteroscedastic time series models
in hydrology and water resources using MGARCH model for a rain-
fall–runoff process. It should be noted that the MGARCH approach
is not a rainfall–runoff model such as physically based models or
artificial neural networks which are already applied in hydrology.
These models deal with the expected value or the mean of rain-
fall–runoff process. However, the MGARCH approach aims to mod-
el the conditional variance–covariance structure existing in a
rainfall–runoff process. In other words, the MGARCH approach
aims to show how the second order moment, or the variance, of
rainfall–runoff process varies in time. As an additional partial
objective, this study also investigates and compares the stationa-
rity and nonlinearity of the conditional variance–covariance struc-
ture of a rainfall–runoff process.

In order to pursue the above objectives, the paper is organized
as follows: after the introduction section, the model specifications
of both linear and nonlinear multivariate time series models and
the testing materials are presented in Sections 2 and 3. The paper
continues to Section 4 with an example of conditional variance and
covariance modeling of the R–R process. The conclusions and sug-
gestions for future work are finally presented in Sections 5 and 6.
2. Model specifications

2.1. ARMAX model with multiple inputs

The general Autoregressive Moving Average model with multi-
ple eXogenous variables for R–R modeling (adapted from Hipel and
McLeod, 1996) can be expressed as:

/pðBÞYt ¼ xðBÞXt þ hqðBÞet ð1Þ

where Yt is the observed runoff time series, Xt is the observed rain-
fall time series, /p(B) is a polynomial of order p, hq(B) is a polyno-
mial of order q, x is the transfer function, B is the backward
operator, et is an independent identically distributed (i.i.d) normal
error with a zero mean and variance r2

e respectively.
The basic assumption of the above model is that the R–R pro-

cess is a linear function and the residuals of the model are time
independent. Although this assumption is usually tested and veri-
fied in time series model building, the time varying variance, r2

e , is
often ignored. In the next section, a procedure is presented for
testing the existence of a time varying variance in the residuals
of a linear model.
2.2. Testing for ARCH effect

Testing the existence of a time varying variance, or heterosced-
asticity, in the residuals of an ARMAX model or testing for an ARCH
(Autoregressive Conditional Heteroscedasticity) effect is usually
carried out by the Engle’s Lagrange Multiplier test.

The Engle’s Lagrange Multiplier test for the ARCH effect was
proposed by Engle (1982). The test statistic is given by NR2, where
R is the sample multiple correlation coefficient computed from the
regression of e2

t on a constant and e2
t�1; . . . ; e2

t�V and N is the sample
size. The null hypothesis of no ARCH effect is accepted if the test
statistic is asymptotically distributed as a chi-square distribution
with v degrees of freedom. The test can also be used to investigate
the Generalized ARCH (GARCH) effect in the residuals (Bollerslev,
1986).

In the presence of an ARCH effect or time varying variance in
the residuals of a (linear) time series model, an ARCH or a GARCH
model is fitted to the squared residuals of the model in order to re-
move the heteroscedasticity from the residuals. In the next section,
the details of the ARCH/GARCH models are presented.
2.3. Univariate GARCH model

Assume a univariate serially uncorrelated, zero mean process,
ut. The ut is said to follow an Autoregressive Conditionally Heteros-
cedastic process of order v (or ARCH(v)) if the conditional distribu-
tion of ut, given its past observations, ut�1, ut�2, . . ., has zero mean
and conditional variance

r2
t jt � 1 ¼ Varðut jXt�1Þ ¼ Eðu2

t jXt�1Þ

¼ a0 þ a1u2
t�1 þ � � � þ avu2

t�v ¼ a0 þ
Xv

i¼1

aiu2
t�i ð2Þ

where ut jXt�1 � Nð0;rtÞ and Xt�1 is the conditional distribution
function, r2

t is the conditional variance and a is the model parame-
ter. This ARCH process was first introduced by Engle (1982) and al-
lows the conditional variance change over time as a function of past
observations.

The above ARCH model was then developed by Bollerslev
(1986) to the Generalized ARCH (GARCH) model by entering the
lagged conditional variance. The GARCH model is then written as
follows

r2
t jt � 1 ¼ a0 þ

Xv

i¼1

aiu2
t�i þ

Xm

j¼1

bjr2
t�j ð3Þ

where bj is the model parameter to be estimated. For the above
GARCH model, the higher the a + b, the higher the intensity of per-
sistence in volatility of the time series. It should also be noted that
the ARCH parameter, a, and the GARCH parameter, b, indicate short-
run and long run persistence, respectively.

The model in which the conditional mean is modeled by an AR-
MAX model and the conditional variance remaining in the residu-
als of the ARMAX model (et) is captured by the GARCH model is
referred to as ARMAX-GARCH error (or ARMAX-GARCH) model.
This model has two advantages. First, the heteroscedasticity has
been eliminated from the residuals and second, the effect of eXog-
enous variables (Xt) on the dependent variable (Yt) has also been
eliminated. Therefore, the residuals of an ARMAX-GARCH model
are supposed to be innovation or white noise of the dependent var-
iable free from the effects of the eXogenous variables.
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2.4. Multivariate GARCH model

2.4.1. Background
The multivariate GARCH model is the extension of the univari-

ate model for modeling the temporal relationship between the
conditional variance of two variables. For example in our case,
we are interested in understanding if there is a link between the
variance of rainfall and streamflow and how this link changes
through time.

Having a k-dimensional zero mean, serially uncorrelated pro-
cess ut = (u1t, . . ., ukt)0, which can be represented as

ut ¼
X1=2

tjt�1

et ð4Þ

where et is a k-dimensional i.i.d. white noise, et � i.i.d (0, Ik) andP
t|t�1 is the conditional covariance matrix of ut, given ut�1, ut�2, . . ..
By defining the conditional distribution of ut in the following

form

Xt�1 ¼ fut�1;ut�2; . . .g ð5Þ

ut jXt�1 � 0;
X
tjt�1

 !
ð6Þ

We can then define the MGARCH model as the following

VECH
X
tjt�1

 !
¼ x0 þ

Xv

i¼1

Cjvechðut�ju0t�jÞ

þ
Xm

j¼1

Gjvech
X

t�jjt�j�1

 !
ð7Þ

where VECH denotes the half-vectorization operator which stacks
the columns of a square matrix from the diagonal downwards in
a vector, x0 is a 1

2 kðkþ 1Þ-dimension vector of constants and the
Cj’s and Gj’s are 1

2 kðkþ 1Þ � 1
2 kðkþ 1Þ

� �
coefficient matrices.

For example, a bivariate GARCH(1,1) model is

VECH
r11;tjt�1 r12;tjt�1

r12;tjt�1 r22;tjt�1

� �
¼

r11;tjt�1

r12;tjt�1

r22;tjt�1

2
4

3
5

¼
x11

x12

x22

2
4

3
5

þ
c11 c12 c13
c21 c22 c23
c31 c32 c33

2
4

3
5 u2

1;t�1
u1;t�1u2;t�1

u2
2;t�1

2
4

3
5

þ
g11 g12 g13
g21 g22 g23
g31 g32 g33

2
4

3
5 r11;t�1jt�2

r12;t�1jt�2

r22;t�1jt�2

2
4

3
5 ð8Þ

The above vech parameterization of MGARCH model has an impor-
tant drawback. The number of parameters in Eq. (8) equals (k(k + 1)/
2)(1 + 2(k(k + 1)/2) which becomes excessively large as k increases.
For example, the above bivariate GARCH(1,1) model has 21 param-
eters. To overcome such a problem, some specifications of a VECH
model have been introduced. In this study, we introduce and apply
the two following model specification for R–R process.

2.4.2. Diagonal VECH model
Bollerslev et al. (1988) suggested a diagonal MGARCH model

called diagonal VECH (DVECH) model. The diagonal model
constrains the matrices Cj and Gj to be diagonal. In this case, the
conditional covariance between u2

1;t and u2
2;t depends on lagged

cross-products of the two random processes (variables) involved
and lagged values of the covariance itself.
The number of parameters in the diagonal GARCH(1,1) equals
3(k(k + 1)/2). For the bivariate case, therefore, we only have 9
parameters to be estimated instead of the 21 parameters in the
VECH representation. The bivariate DVECH(1,1) model can then
be written as follows:

vech
r11;tjt�1

r12;tjt�1 r22;tjt�1

� �
¼ x11

x21 x22

� �

þ c11
c21 c22

� �
u2

1;t�1

u1;t�1u2;t�1u2
2;t�1

� �

þ g11
g21 g22

� �
r11;t�1jt�2

r21;t�1jt�2 r22;t�1jt�2

� �
ð9Þ

It should be noted that this matrix form of a DVECH model is
defined using the Hadamard or element-by-element product. The
above matrix notation can be rewritten as follows to get the condi-
tional variance–covariance time series:

r11;t ¼ x11 þ c11u2
1;t�1 þ g11r11;t�1jt�2 ð10Þ

r21;t ¼ x21 þ c21u1;t�1u2;t�1 þ g21r21;t�1jt�2 ð11Þ
r22;t ¼ x22 þ c22u2

2;t�1 þ g22r22;t�1jt�2 ð12Þ

Here, r11,t and r22,t are the conditional variance of rainfall and run-
off respectively and r21t indicates the conditional covariance or co-
volatility between rainfall and runoff time series.

2.4.3. Constant conditional correlation model
Bollerslev (1990) proposed a class of the MGARCH model in

which the conditional covariances are proportional to the product
of the corresponding conditional standard deviation and the con-
stant conditional correlation (CCC). The CCC-MGARCH model was
then widely applied in empirical research mostly because of its
computational simplicity (Tse and Tsui, 2002).

By applying the model, the conditional covariance between two
time series, i and j, is defined as

rijt ¼ DtRDt ¼ qij

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
riitrjjt

p
ð13Þ

where

Dt ¼ diag r
1
2
11t . . .r

1
2
kkt

� �
ð14Þ

where riit and rjjt can be defined by any univariate GARCH model
and (qij) is the constant conditional correlation. This model is ap-
plied in this study to estimate the conditional correlation and
covariance between rainfall and runoff.

3. Simulation experiment

In order to verify the empirical models, we simulate conditional
covariances for both DVECH(1,1) and CCC(1,1), and DVECH and
CCC(2,2) models. We consider the parameters of the empirical
models for simulation and compare the simulated and experimen-
tal conditional covariances using two criteria, Normalized Root
Mean Square Error (NRMSE) and normalized BIAS. These criteria
can be written as follows

NBIAS ¼ 1
k

Xk

i¼1

simCCOV � empCCOV

empCCOV
ð15Þ

NRMSE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
k

Xk

i¼1

simCCOV � empCCOV

empCCOV

	 
2
vuut ð16Þ

where simCCOV and empCCOV denote the simulated and empirical
conditional covariances and k is the number of estimates.
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4. Testing procedures

As the rainfall–runoff process is usually perceived as a nonlin-
ear or nonstationary process, investigation on the nonstationarity
and nonlinearity of the second order moment and the variance–
covariance structure of the R–R process are examined using the fol-
lowing tests:
4.1. Test for stationary

The stationary test of the variance–covariance structure of the
R–R process is carried out using two methods, the Augmented
Fig. 1. Location of the study basin

Table 1
List of streamflow and rainfall gauging stations.

Station/River name Station code in text

Rainfall stations St. Pierre ‘‘P’’
St. Severin ‘‘S’’
St. Flavien ‘‘F’’
Scott ‘‘SCT’’

Gauging stations Beaurivage ‘‘F7’’
Bras D’Henri ‘‘F34’’
Dickey and Fuller (ADF) unit root test (Dickey and Fuller, 1979)
which tests for the presence of a unit root in the series; and the
KPSS test proposed by Kwiatkowski et al. (1992), which tests for
stationarity around a deterministic trend and around a fixed level.

Having a process {xt} and considering the AR(1) model for this
process:
xt ¼ qxt�1 þ et ð17Þ
where x0 = 0; |q| 6 1 and et is a sequence of independent random
variable with mean zero, If q = 1, the process is nonstationarity
and if |q| < 1 the process is stationary.
. Source: Quible et al., 2006.

Latitude Longitude Drainage area (km2)

46�15N 71�13W –
46�20N 71�03W –
46�30N 71�35W –
46�30N 71�05W –

46�39N 71�17W 709
46�32N 71�20W 137
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In the case of KPSS test, the above process can be decomposed
into the sum of a deterministic trend, a random walk and a station-
ary error:

xt ¼ rt þ bt þ et ð18Þ

where rt = rt�1 + ut and ut is i.i.d� Nð0;r2
hÞ, bt is a deterministic trend

and et is a stationarity error. By these assumptions, the null hypoth-
esis of level stationarity cannot be rejected if b = 0 and alternatively,
the null hypothesis of trend stationarity cannot be rejected if r2

u ¼ 0.
For more details, the reader is referred to Wang et al. (2006).

4.2. Test for nonlinearity

The concept of nonlinear dynamics associated with modeling of
deterministic chaos in hydrology has been gaining considerable
interest in the last decades (Rodriguez-Iturbe et al., 1989; Koutsoy-
iannis and Pachakis, 1996; Sivakumar, 2000; among others). In this
study, the Brock–Dechert–Scheinkman (BDS) test (Brock et al.,
Fig. 2. Daily rainfall (a) and streamflow
1996) is used as a diagnostic tool to approve a deterministic non-
linear dynamic in time series through testing for serial indepen-
dence (temporal correlation) and nonlinear invariant structure in
the time series based on the correlation integral. The null hypoth-
esis is that the time series sample comes from an independent
identically distributed (i.i.d) process. The BDS test embeds the sca-
lar time series into an m-dimensional space and calculates the cor-
relation integral. Under the null hypothesis, Brock et al. (1996)
exploited the asymptotic normality of the correlation integral
and calculated the BDS statistic.

The BDS statistic for m > 1 is defined as

BDSm;MðrÞ ¼
ffiffiffiffiffi
M
p CmðrÞ � Cm

1 ðrÞ
rm;MðrÞ

ð19Þ

where M = N � (m � 1)s is the number of embedded points in an m-
dimensional space, r is radius of a sphere centered on Xi, H(u) is the
Heaviside function, Xi = (xt, xt�s, xt�(m�1)s) is a new series generated
from the main time series (xt), cm,M(r) counts up the number of
(b) times series used in this study.



6 R. Modarres, T.B.M.J. Ouarda / Journal of Hydrology 499 (2013) 1–18
points in the m-dimensional space that lies within a hypercube of
radius r and r is the standard deviation of the points in this space.
Under the null hypothesis, {Xt} is an i.i.d process and the BDS statis-
tic converges to a unit normal as M ?1. In this study, we consider
m = 2, 3 and 4 to test the nonlinearity in our time series. For more
details the reader is referred to Wang et al. (2006). The BDS test
in this study is applied to investigate and compare the degree of
nonlinearity in the conditional variance–covariance structure of a
rainfall–runoff process.
5. Case study

To illustrate the use of the above tools, we consider a catchment
with two streamflow and four rainfall gauging stations in a hydro-
logic region called south-east Saint-Laurent watershed in Quebec
Province, Canada. The study watershed and the location of the sta-
tions are shown in Fig. 1.
Fig. 3. Cross correlation function between re

Table 2
ARMAX-GARCH model parameters and variables for streamflow time series.

Streamflow series eXogeneous Rainfall series M

‘‘F7’’ ‘‘F’’, ‘‘P’’, ‘‘SCT’’ c
£

h1

‘‘F34’’ ‘‘F’’, ‘‘S’’, ‘‘SCT’’ c
£

£

£

h1
The two neighboring streamflow stations are Bras D’Henri and
Beaurivage which are called ‘‘F34’’ and ‘‘F7’’ in the rest of the paper.
The four rainfall stations are St. Flavien, St. Pierre, St. Severin and
Scott stations (Table 1) which are called ‘‘F’’, ‘‘P’’, ‘‘S’’ and ‘‘SCT’’
in the following sections. Five years (1996–2000) of continues con-
current daily streamflow and rainfall time series have been used in
this study to illustrate the conditional variance–covariance struc-
ture of the R–R process in the basin. Rainfall and runoff time series
are illustrated in Fig. 2.
5.1. ARMAX-GARCH modeling

5.1.1. Estimating the ARMAX model
The first step in the estimation of the model is to determine the

order of the model through investigating the autocorrelation func-
tion (ACF) of streamflow and cross correlation between the residu-
als of exogenous variables (rainfall time series) and target variable
sidual of rainfall and runoff time series.

ean equation Variance equation AIC, BIC

= 0.007 a0 = 0.09 1.27, 1.30
1 = 0.93 a1 = 0.58
= �0.09 b1 = 0.41

= �0.019 a0 = 0.56 1.68, 1.71
1 = 0.41 a1 = 0.46
2 = 0.45 a2 = 0.21
3 = 0.077
= �0.56



Fig. 4. ACF of the residuals and squared residuals of the ARMAX models.

Fig. 5. p-Values of the Engle’s test for ARMAX models.

Fig. 6. p-Values of the Engle’s test for ARMAX-GARCH models.
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(streamflow time series) are applied to find causality. The cross
correlation functions are given in Fig. 3 for different lag times. This
figure illustrates the significant, but not very strong, correlation be-
tween rainfall and runoff at lags k = 1 to k = 3. This indicates that
the model may include one to three past rainfall observations as
the eXogenous variables. The order of the ARMA model for stream-
flow is identified based on the ACF and PACF (not shown in the fig-
ures). In this study, the logarithmic transformed streamflow is
used for ARMAX modeling. It should also be noted that the correla-
tion coefficient is r = 0.81 between all rainfall time series in this re-
gion, except between ‘‘P’’ and ‘‘S’’ which is r = 0.89.

Different ARMAX models are then developed for modeling the
R–R time series relationship using different rainfall time series as
eXogenous variables for each streamflow time series. The parame-
ters of the models are estimated by the maximum likelihood meth-
od and the ACFs and PACFs of the residuals are investigated to be
time independent for testing model adequacy. In the case of more
than one adequate model, the best model is selected according to
the Akaike Information Criteria (AIC) and Bayesian Information Cri-
teria (BIC) for each streamflow station. The order of the model and
the rainfall time series included in each model are given in Table 2
for each streamflow time series.
5.1.2. Testing ARCH effect in the residuals
In accordance to the ARMAX models, the residuals (or innova-

tions) of each model are tested for the time dependency and ARCH
effect using ACF and Engle’s test. The ACF of the residuals and
squared residuals of the ARMAX models are given in Fig. 4. The fig-
ure suggests the adequacy of the ARMAX model as the autocorre-
lation coefficients are within the confidence level. The ACF of the
squared residuals shows a significant coefficients at lag k = 1 for
‘‘F7’’ station and lag k = 1 as well as higher lags (k = 6, k = 20) for
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‘‘F34’’ station. The ACF of the squared residuals shows that the var-
iance of the residual (squared residuals) is not time independent or
homoscedastic. In other words, the significant ACFs are the indica-
tors of the existence of conditional variance in the residuals of the
ARMAX models.
Fig. 7. Boxplot of parameters for simulated ARMAX-GARCH models f

Fig. 8. Same as Fig. 7 but
In addition, the results of Engle’s test are also given in Fig. 5 for
k = 1–15 lag times. The p-values of the test indicate the heterosced-
asticity in the residuals of the ARMAX model. It is observed that the
test’s p-values are below the critical level (a = 0.05) at k = 1 for ‘‘F7’’
and at lags k = 1 and k = 6 for ‘‘F34’’. Therefore, the ARCH effect
or ‘‘F7’’ time series. The gray circles show empirical parameters.

for ‘‘F34’’ time series.



Fig. 9. Empirical conditional variance of innovation as a function of previous value.
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exists in the residuals of the ARMAX model which can be removed
by applying a GARCH model.

5.1.3. Estimating the GARCH model
As the ARMAX model for the R–R process fails to incorporate the

heteroscedastic structure of the residuals, a GARCH model will be
Table 3
Stationarity and nonlinearity test results for ARMAX-GARCH models.

Series Streamflow series KPSS level stationary tes

Results p-Va

ARMAX residuals ‘‘F7’’ 0.014 >0.1
‘‘F34’’ 0.037 >0.1

ARMAX-GARCH residuals ‘‘F7’’ 0.021 >0.1
‘‘F34’’ 0.019 >0.1

Conditional variance ‘‘F7’’ 0.067 >0.1
‘‘F34’’ 0.048 >0.1

m = 2

Statistic p-Va

BDS test
ARMAX residuals ‘‘F7’’ 0.035 0

‘‘F34’’ 0.042 0

ARMAX-GARCH residuals ‘‘F7’’ 0.040 0
‘‘F34’’ 0.046 0

Conditional variance ‘‘F7’’ 0.055 0
‘‘F34’’ 0.083 0
fitted to the squared residuals to take into account the time varying
higher order moment of the R–R process. The order of the GARCH
model fitted to the residuals of the ARMAX model is given in Ta-
ble 2. The conditional variance for the residuals of the ARMAX
models for ‘‘F7’’ and ‘‘F34’’ stations can therefore be written as
follows:

F7 : r2
t ¼ 0:09þ 0:58e2

t�1 þ 0:41r2
t�1 ð20Þ

F34 : r2
t ¼ 0:056þ 0:46e2

t�1 þ 0:21e2
t�2 ð21Þ

The GARCH models fitted to the residuals of the ARMAX model
are supposed to remove heteroscedasticity from the residuals. The
p-values of the Engle’s test for the residuals of ARMAX-GARCH
model for the R–R process are given in Fig. 6. The p-values suggest
that the null hypothesis of no ARCH effect in the residuals cannot
be rejected and no heteroscedasticity remains in the residuals of
the ARMAX-GARCH model.

Moreover, in order to evaluate the empirical results of ARMAX-
GARCH modeling, we generate 2000 realizations of the ARMAX-
GARCH model for each streamflow time series and estimate their
(theoretical) parameters. This is done using MATLAB ‘‘garchsim’’
procedure which uses Monte Carlo methods to simulate sample
paths for streamflow time series and conditional variance. The
box-plots of the simulated parameters and the empirical parame-
ters are given in Figs. 7 and 8 for ‘‘F7’’ and ‘‘F34’’ time series respec-
tively. The simulation results indicate that the empirical models
are valid for the estimation of the volatility of streamflow time ser-
ies as the parameters of the models (both mean and variance equa-
tions’ parameters) fall within the 25 and 75 percentiles of the
simulated parameters.

Referring to the above GARCH models (Eq. (20)), one can see
both short-run and long-run persistence effect in the residuals of
the streamflow at Beaurivage gauging station (‘‘F7’’) as both ARCH
and GARCH parameters are significant in the model. On the other
hand, only short-run persistence of the heteroscedasticity is ob-
served for residuals of streamflow at Bras D’Henri station (‘‘F34’’)
as the model includes only positive and significant a parameters
(Eq. (21)). The measure of the persistence in volatility (a + b) there-
fore confirms that heteroscedastic persistency is stronger for ‘‘F7’’
time series.

We can also check this persistency and its power by plotting the
lagged residuals against conditional variance (Fig. 9). If ut process is
time independent no pattern will appear. In other words, if the
curve line does not fit the conditional variance against lag time
t KPSS trend stationary test ADF unit root test

lue Results p-Value Results p-Value

�0.0036 0.77 �11.44 0
�0.0012 0.38 �9.19 0

�0.0069 0.63 �10.83 0
�0.0056 0.69 �10.72 0

�0.0010 0.59 �9.75 0
�0.0017 0.17 �8.44 0

m = 3 m = 4

lue Statistic p-Value Statistic p-Value

0.064 0 0.082 0
0.069 0 0.083 0

0.071 0 0.081 0
0.077 0 0.094 0

0.089 0 0.104 0
0.139 0 0.167 0
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well, this implies that the variance of the residuals at each time
step, t, does not have a strong relationship to the previous time
steps, t � 1, t � 2, . . ., and therefore, heteroscedasticity is not very
strong. This figure shows that the conditional variance at each time
step depends on the previous residuals for both streamflow time
series. However, one can see that this dependence, and therefore
its power, is stronger for streamflow time series at ‘‘F7’’ station.
As the ARMAX model is supposed to filter the effect of rainfall by
the regression process, Fig. 9 suggests that the heteroscedasticity
remaining in the runoff process is influenced by other factors such
as catchment properties rather than rainfall heteroscedasticity.

5.1.4. Stationarity and nonlinearity test
The results of ADF, KPSS and BDS tests for the residuals of the

ARMAX and ARMAX-GARCH model as well as the conditional var-
iance of the streamflow’s residuals are given in Table 3.
Table 4
Bivariate DVECH-GARCH (1,1) parameters for R–R model at ‘‘F7’’ station (p-values of t-sta

Rainfall station DVECH parameters

x11 x21 x22 c11

‘‘S’’ 0.421 0.031 0.105 0.048
(0.001) (0.03) (0.001) (0.001)

‘‘P’’ 0.811 0.025 0.105 0.051
(0.001) (0.014) (0.001) (0.001)

‘‘F’’ 0.98 0.038 0.107 0.054
(0.001) (0.075) (0.001) (0.001)

‘‘SCT’’ 0.51 0.068 0.101 0.048
(0.001) (0.011) (0.001) (0.001)

Fig. 10. Conditional variance–covariance matrix f
All the residuals and conditional variance time series appear to
be stationary according to the ADF test and pass the KPSS stationa-
rity test at 10% level, which shows no significant change in mean.
The KPSS results for trend stationarity test also indicate no signif-
icant trend in the residuals and conditional variance time series.

The BDS test reveals a significant nonlinearity for all time series
for all dimensions, m = 2, 3 and 4. The results show no sharp differ-
ence between nonlinearity of the residuals of the models for the
two streamflow time series, ‘‘F7’’ and ‘‘F34’’ while the nonlinearity
for ‘‘F34’’ is slightly stronger than that for ‘‘F7’’.

5.2. Multivariate GARCH models

The above analysis showed the heteroscedasticity in the stream-
flow innovations. In this section, we develop a bivariate GARCH
model to illustrate the heteroscedastic features of R–R process. It
tistic are given in parenthesis).

c21 c22 g11 g21 g22

0.055 0.708 0.948 0.862 0.216
(0.003) (0.001) (0.001) (0.001) (0.001)

0.064 0.714 0.936 0.826 0.212
(0.001) (0.001) (0.001) (0.001) (0.001)

0.062 0.716 0.928 0.802 0.206
(0.001) (0.001) (0.001) (0.001) (0.001)

0.058 0.72 0.947 0.806 0.216
(0.001) (0.001) (0.001) (0.001) (0.001)

or ‘‘F7’’ and ‘‘S’’ time series by DVECH model.



Fig. 11. Estimated conditional covariance between ‘‘F7’’ and rainfall time series by
DVECH model.
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should be noted in this study, for simplicity, we assume that the
association between the conditional mean of rainfall and runoff is
constant in time or, as assumed by Engle (2002) for financial time
series, this association is zero. By this assumption, we develop the
Bivariate GARCH approach for modeling conditional variance–
covariance structure in a rainfall–runoff process in this section.

5.2.1. Bivariate GARCH model for ‘‘F7’’ streamflow time series
5.2.1.1. DVECH model estimation. To develop the bivariate
GARCH(1,1) model, we consider the streamflow time series as a
dependent variable and the rainfall time series as an input variable
and estimate 4 models for heteroscedastic R–R relationship for
each streamflow time series. The parameters of each bivariate
DVECH(1,1) model are estimated by the maximum likelihood
method. These parameters are significant according to asymptotic
t-statistics (Table 4). For example, the conditional variance–covari-
ance matrix for ‘‘S’’ and ‘‘F7’’ time series can be written as follows

r11;t ¼ 0:421þ 0:048u2
1;t�1 þ 0:948r11;t�1 ð22Þ

r21;t ¼ 0:031þ 0:055u1;t�1u2;t�1 þ 0:862r21;t�1 ð23Þ
r22;t ¼ 0:105þ 0:708u2

2;t�1 þ 0:216r22;t�1 ð24Þ

By applying the above model, the conditional variance for ‘‘S’’
and ‘‘F7’’ time series and their co-variance are estimated and illus-
trated in Fig. 10. The conditional covariance between ‘‘F7’’ and
other rainfall time series, ‘‘F’’, ‘‘P’’ and ‘‘SCT’’, are shown in Fig. 11.

According to Table 4, the measure of intensity of persistence,
a + b, for R–R covariance between rainfall and ‘‘F7’’ streamflow
time series are 0.917, 0.890, 0.864 and 0.864 for ‘‘S’’, ‘‘P’’, ‘‘F’’ and
‘‘SCT’’, respectively. These values suggest the highest covariance
persistency for ‘‘S’’–‘‘F7’’ process. The results show a high persis-
tency in R–R covariance structure as the persistency measure-
ments are relatively high. Calculating the persistency
measurement for rainfall conditional variance also reveals the
highest persistency for ‘‘S’’ and ‘‘P’’ time series followed by ‘‘F’’,
‘‘SCT’’. On the other hand, the persistency of conditional variance
of runoff time series is less than those for all rainfall time series,
though it is still relatively high. Fig. 10 also shows that the condi-
tional variance of rainfall seems to be more dynamic (more vola-
tile) than the conditional variance of runoff.

The conditional covariances between rainfall time series and
‘‘F7’’ (Figs. 10 and 11) show a low level of temporal fluctuation.
The magnitude of covariance is different from station to station
and from time to time. It can also be seen that the conditional
covariance tends to decrease rapidly after a major increase and re-
mains usually low for a long time before another peak. The condi-
tional covariance is almost at the lowest level during 1997–1998
and becomes stronger during 1999–2000 for all R–R processes.

We next move to estimate the conditional correlation coeffi-
cients in order to examine how the R–R correlation coefficient
changes over time. Fig. 12 shows the evolution of the estimated
conditional correlation coefficients between ‘‘F7’’ and rainfall time
series. The analysis of conditional correlation patterns reveals low
level of rainfall association to direct runoff generation. The correla-
tion coefficients usually remain near or below the average value
during 1996–2000, particularly during 1997–1999. The streamflow
seems to have a higher correlation with ‘‘SCT’’ and ‘‘S’’ than other
rainfall time series.

Similar to conditional covariance, the conditional correlation
does not remain in a constant position and tends to change from
high to low values and vice versa. It is also interesting to note that
the ratio of the frequency of positive to negative correlation coeffi-
cients is decreasing form ‘‘SCT’’, to ‘‘S’’, ‘‘P’’ and ‘‘F’’, respectively.

5.2.1.2. CCC model. The bivariate CCC-GARCH(1,1) model estima-
tion is carried out using the maximum likelihood method. The
parameters of the conditional variance for the rainfall time series
are illustrated in Table 5. In addition, the constant conditional cor-
relations (qij) between rainfall and runoff time series, as well as the
unconditional correlation coefficient, are presented in this table.
These coefficients also indicate a weak correlation between rainfall
and runoff at Beaurivage River (station ‘‘F7’’). Both constant condi-
tional and unconditional correlation coefficients indicate the high-
est association between ‘‘SCT’’ and ‘‘F7’’ followed by ‘‘S’’, ‘‘P’’ and
‘‘F’’ stations (the same order as showed by DVECH model).

The parameters of each univariate GARCH model for rainfall and
runoff time series are also given in this table. The parameters of the
GARCH models indicate the higher persistency level for rainfall
time series as the persistency measurement is higher for rainfall
GARCH models. It is also observed that the long-run persistence
of rainfall is stronger than that for streamflow time series in con-
trast to short-run persistence. These results are in agreement with
the persistency characteristics obtained by DVECH model (Table 4).
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The R–R conditional covariances obtained by the CCC model are
illustrated in Fig. 13. A similar temporal pattern to the conditional
variance of the runoff (see R–R variance–covariance matrix in
Fig. 10) is observed for conditional covariances. Indeed, it is an ex-
pected feature as the conditional covariance is a product of con-
stant conditional correlation and conditional variance of rainfall.
Furthermore, this figure illustrates a weaker covariance structure
for R–R process than those estimated by DVECH model
(Fig. 11).This phenomenon may also be related to the weak con-
stant conditional correlation between rainfall and runoff process.

5.2.1.3. Model verification. In order to verify the empirical MGARCH
models, the conditional covariance for both low order (1,1) and
high order (2,2) model are simulated for DVECH and CCC models.
The two evaluation criteria, given in Table 6, show that the empir-
ical DVECH(1,1) model is quite better than DVECH(2,2) model for
Fig. 12. Estimated conditional correlation coefficients bet

Table 5
Bivariate CCC-GARCH(1,1) parameters for R–R model at ‘‘F7’’ (p-values of t-statistic are gi

Series GARCH parameters

a0 a b

‘‘S’’ 0.410 0.047 0.950
(0.001) (0.001) (0.001)

‘‘P’’ 0.783 0.049 0.938
(0.001) (0.001) (0.001)

‘‘F’’ 0.833 0.115 0.820
(0.001) (0.001) (0.001)

‘‘SCT’’ 0.526 0.046 0.947
(0.001) (0.001) (0.001)

‘‘F7’’ 0.110 0.732 0.188
(0.001) (0.001) (0.001)
all R–R conditional covariance. This implies that the R–R covari-
ance at time t depends significantly on the variance–covariance
structure at time t � 1 but not on t � 2.

The results also show that CCC(1,1) and CCC(2,2) models do not
give significantly different R–R conditional covariances. This is per-
haps due to the constant conditional correlation assumption and
perhaps because the low order GARCH(1,1) models, fitted to
streamflow and rainfall time series separately, are enough for con-
ditional variance of rainfall and runoff. The low criteria values for
CCC models also suggest that the GARCH(1,1) model is appropriate
for estimating the conditional variance of rainfall and streamflow
time series and no higher order models are necessary.

5.2.2. Bivariate GARCH model for ‘‘F34’’ streamflow time series
5.2.2.1. DVECH model. The same procedure is followed for estimat-
ing the R–R conditional variance–covariance matrix for ‘‘F34’’
ween rainfall and ‘‘F7’’ time series by DVECH model.

ven in parenthesis).

Constant conditional correlation Unconditional correlation

0.095 0.036

0.078 0.042

0.061 0.027

0.123 0.067

– –



R. Modarres, T.B.M.J. Ouarda / Journal of Hydrology 499 (2013) 1–18 13
station. Table 7 shows the estimated parameters for the bivariate
GARCH(1,1) model. It is observed that these parameters are all
statistically significant and indicate a meaningful covariance be-
tween the rainfall and runoff time series. For example, the condi-
tional variance–covariance matrix between rainfall at station
Fig. 13. Estimated conditional covariance between

Table 6
Estimation of NBIAS and NRMSE for empirical against simulated conditional covariances f

Rainfall series Model

DVECH

(1,1) (2,2)

NRMSE NBIAS NRMSE NB

‘‘S’’ 13.12 �0.19 22.1 �0
‘‘P’’ 11.8 0.11 25.8 0
‘‘F’’ 6.32 0.33 42.12 �2
‘‘SCT’’ 9.08 0.15 24.6 �0

Table 7
Same as Table 4 but for ‘‘F34’’ station.

Rainfall station DVECH parameters

x11 x21 x22 c11

‘‘S’’ 0.421 0.497 0.127 0.049
(0.001) (0.001) (0.001) (0.001)

‘‘P’’ 0.815 0.418 0.137 0.049
(0.001) (0.001) (0.001) (0.001)

‘‘F’’ 0.795 0.031 0.147 0.051
(0.001) (0.009) (0.001) (0.001)

‘‘SCT’’ 0.517 0.061 0.154 0.047
(0.001) (0.034) (0.001) (0.001)
‘‘SCT’’ and ‘‘F34’’ streamflow time series is presented in Fig. 14.
The conditional R–R covariance can therefore be written as
follows:

r21;t ¼ 0:061þ 0:022u1;t�1u2;t�1 þ 0:918r21;t ð25Þ
‘‘F7’’ and rainfall time series by CCC model.

or ‘‘F7’’.

CCC

(1,1) (2,2)

IAS NRMSE NBIAS NRMSE NBIAS

.37 0.52 �0.06 0.52 �0.08

.63 0.46 0.02 0.47 0.04

.19 0.51 �0.03 0.53 �0.05

.23 0.47 �0.007 0.48 0.02

c21 c22 g11 g21 g22

0.048 0.849 0.949 0.931 0.144
(0.003) (0.001) (0.001) (0.001) (0.001)

0.043 0.861 0.938 0.943 0.113
(0.008) (0.001) (0.001) (0.001) (0.001)

0.027 0.862 0.937 0.939 0.087
(0.001) (0.001) (0.001) (0.001) (0.001)

0.022 0.887 0.948 0.918 0.065
(0.025) (0.001) (0.001) (0.001) (0.012)



Fig. 14. Conditional variance–covariance matrix for ‘‘F34’’ and ‘‘SCT’’ time series by DVECH model.
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According to the parameters for bivariate GARCH models, the
intensity of persistency for the conditional covariance between
rainfall and ‘‘F34’’ time series are 0.979, 0.986, 0.966 and 0.940
for ‘‘S’’, ‘‘P’’, ‘‘F’’ and ‘‘SCT’’, respectively.

Based on the conditional covariance models, the temporal vari-
ation of conditional covariance between ‘‘F34’’ and rainfall time
series are estimated and illustrated in Fig. 15. The temporal pattern
of conditional covariance does not show a high level of fluctuation.
It shows some sharp short-lived positive covariances only in 1996
and 2000 and a sharp negative covariance in 1997 and usually re-
mains low before increasing.

On the other hand, we look at the time varying conditional cor-
relation coefficients (Fig. 16). The figure suggests a high time vary-
ing and fluctuation in conditional correlation coefficients. They
tend to change rapidly from one status (high or low value) to the
opposite status through time. Visually, some regular but weak fluc-
tuation is also observed for conditional correlation coefficients be-
tween rainfall and runoff at Bras D’Henri basin.
5.2.2.2. CCC model. The bivariate CCC-GARCH(1,1) model parame-
ters and the constant conditional (qij) and unconditional correla-
tion between rainfall and runoff time series for ‘‘F34’’ time series
are presented in Table 8. Both constant conditional and uncondi-
tional correlation coefficients indicate the highest correlation be-
tween ‘‘SCT’’ and ‘‘F34’’ time series followed by ‘‘S’’, ‘‘P’’ and ‘‘F’’.
Moreover, one can see, again, that the persistency of the
conditional variance is stronger for rainfall time series while the
conditional variance of streamflow shows a strong short-run per-
sistence in contrast with the rainfall time series.

The R–R conditional covariances estimated by the CCC model
are presented in Fig. 17. The same features as the conditional
covariances between rainfall and ‘‘F7’’ time series (Fig. 13) can be
observed here.

5.2.2.3. Model verification. The criteria for verifying the empirical
models for conditional covariance between ‘‘F34’’ and rainfall time
series are given in Table 9. The NRMSE and NBIAS indicate that
both DVECH(1,1) and DVECH(2,2) models have small and similar
errors. However, following the parsimonious principle, the
DVECH(1,1) model is a better choice. The DVECH(1,1) model has
9 parameters while DVECH(2,2) model has 15 parameters. In addi-
tion, no significant difference is also observed between CCC(1,1)
and CCC(2,2) models for estimating conditional covariance, regard-
ing the error criteria. Therefore, the empirical (1,1) models seem to
be appropriate and enough for estimating R–R conditional vari-
ance–covariance relationship.

5.2.3. Stationarity and nonlinearity test
The stationarity and nonlinearity of the conditional covariance

between rainfall and runoff time series are discussed in this sec-
tion. According to Table 10, we cannot accept the unit root hypoth-
esis with ADF test at 1% significance level for conditional



Fig. 15. Same as Fig. 11 but for ‘‘F34’’ and rainfall time series.
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covariances of the R–R process. It is observed that the stationarity
of the conditional covariances between ‘‘P’’, ‘‘S’’ and ‘‘F34’’ is stron-
ger than those corresponding to ‘‘F7’’ while the conditional covar-
iances between ‘‘F’’, ‘‘SCT’’ and ‘‘F7’’ seem to be more stationary
than those corresponding to ‘‘F34’’. The stationarity in the mean
and trend of conditional covariance is not rejected either according
to KPSS level stationary tests.

On the other hand, the BDS test rejects the linearity hypothesis
in conditional covariance for all R–R processes in the basin. It can
be seen that the nonlinearity degree of conditional covariance is
stronger between ‘‘P’’, ‘‘S’’ and ‘‘F7’’ than between ‘‘F’’, ‘‘SCT’’ and
‘‘F7’’ for different dimensions and an opposite condition is ob-
served for ‘‘F34’’. This suggests the reverse action of the nonlinear-
ity and stationarity for the conditional covariance of the R–R
process and the impact of scale (drainage area) and distance be-
tween rainfall and runoff stations on the degree of nonlinearity
and stationarity for our case study.

6. Summary and concluding remarks

Multivariate nonlinear time series models have not yet been
applied to investigate the time varying second order moment or
conditional covariance for multivariate processes in hydrology, cli-
matology and water resources. This study developed and applied a
multivariate nonlinear GARCH time series modeling approach with
the objective of understanding the R–R process from a new per-
spective. From the ARMAX-GARCH and multivariate GARCH mod-
els for the R–R example in this study, the following conclusions
can be derived:

6.1. The residuals of the linear ARMAX model show both hetero-
scedasticity and nonlinearity but stationariy during study
period. The heteroscedasticity of the residuals may reflect
the effect of watershed characteristics such as drainage area
and river network, surface abstraction and infiltration, and
time of concentration, which attenuate the response of
catchment to magnitude of the conditional variance of rain-
fall. The findings of this study on nonlinearity is agreement
with Wang et al. (1981) and Sivapalan et al (2002) who indi-
cated that the catchments become more linear with increas-
ing catchment size. The measurement of persistency of the
conditional covariance also indicates a high level of persis-
tency in the R–R process between runoff and rainfall stations
located upstream of the basins.

6.2. The conditional variance of rainfall seems to have a long-run
memory while the conditional variance of runoff shows a
strong short-run memory. The conditional covariance
between them shows a significant memory and persistence.
However, it is observed that the conditional covariance did
not remain high for a long time for both gauging stations.
This phenomenon was also seen for the conditional correla-
tion between rainfall and runoff time series. It may be attrib-
uted to the driving factors behind excess runoff production
such as the catchment storage properties and soil moisture
which delay the excess runoff to be generated and reach to
the drainage network. The interaction between surface run-
off, ground water and physical characteristics may also
result in lower level of fluctuation of conditional covariance
in the larger basin.

6.3. The conditional and unconditional correlation between rain-
fall and runoff differs from station to station. Both coeffi-
cients are larger for ‘‘F34’’ station which drains a (much)
smaller basin than ‘‘F7’’ station. Therefore, the assumption
of constant conditional correlation between rainfall and run-
off is not valid and the CCC model seems to be insufficient in
this case.

6.4. The stationarity and nonlinearity of the conditional covari-
ance are different among different R–R processes. For exam-
ple, the stationarity is stronger between ‘‘F34’’ and upstream
rainfall stations while this stationarity becomes weaker for
‘‘F7’’. The intensity of stationarity may be related to the
intensity of nonlinearity (as also stated by Wang et al.,
2006) but our results indicate that the stationarity and non-
linearity may vary in the opposite direction.

6.5. Having a model with less number of parameters is important
from parsimonious point of view. The results of simulation
experiment showed the adequacy of a low order
MGARCH(1,1) model for modeling R–R conditional vari-
ance–covariance structure as the number of parameters
increases rapidly with the order of the MGARCH models.

6.6. This study shows the main advantage of the MGARCH mod-
els for hydrologic analysis and modeling. The MGARCH
approach gives the ‘‘TIME VARYING’’ association between
two time series, here rainfall and runoff, for each time step.
For example, in our case with daily time series, we can
obtain the correlation coefficients between rainfall and run-
off for each day. As far as the authors know, there is no other
hydrologic method which can give such a time varying



Fig. 16. Same as Fig. 12 but for ‘‘F34’’ streamflow time series.

Table 8
Same as Table 5 but for ‘‘F34’’ station.

Series GARCH parameters Constant conditional correlation Unconditional correlation

a0 a b

‘‘S’’ 0.409 0.047 0.950 0.138 0.0.74
(0.001) (0.001) (0.001)

‘‘P’’ 0.782 0.048 0.939 0.118 0.070
(0.001) (0.001) (0.001)

‘‘F’’ 0.859 0.053 0.927 0.101 0.050
(0.001) (0.001) (0.001)

‘‘SCT’’ 0.524 0.045 0.948 0.182 0.107
(0.001) (0.001) (0.001)

‘‘F34’’ 0.168 0.902 0.023 – –
(0.001) (0.001) 0.33
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correlation coefficient between hydrologic variables. In
addition, the MGARCH model gives the opportunity to have
a look at the association between the second order moment
of two hydrologic variables and its variation in time. Also,
we can investigate the persistency of the second order
moment of hydrologic variables not only for each single
value but the persistency in their association.

7. Challenges for future work

This study presented a bivariate GARCH model for R–R process.
The R–R process includes different nonlinear spatial and temporal
phases and different effective parameters all of which were not
considered in this study. Therefore, one can improve the vari-
ance–covariance matrix of the R–R process by adding other vari-
ables such as temperature, ground water or soil moisture time
series for future studies. The effect of upstream flow on down-
stream flow is not considered in this study which may be a good
topic for generalizing the results of this study. As we assume a con-
stant association between the means of R–R process in this study,
we recommend developing multivariate models for the means and
variances in future studies. However, the number of parameters of
these models will increase rapidly by adding a variable into the
models.

Finally, as most of the hydrologic processes are nonlinear and
nonstationary due to climate change, the development and



Table 10
Stationarity and nonlinearity test results for conditional covariances.

Rainfall series Streamflow series KPSS level stationary test KPSS trend stationary test ADF unit root test

Results p-Value Results p-Value Results p-Value

‘‘P’’ ‘‘F7’’ 0.17 >0.05 �0.75 0.43 �11.29 0
‘‘F34’’ 0.20 >0.01 �0.16 0.85 �29.93 0

‘‘S’’ ‘‘F7’’ 0.15 >0.05 �0.54 0.58 �9.58 0
‘‘F34’’ 0.18 >0.01 �0.16 0.87 �27.14 0

‘‘F’’ ‘‘F7’’ 0.11 >0.05 �1.49 0.13 �12.10 0
‘‘F34’’ 0.20 >0.01 �0.45 0.65 �5.71 0

‘‘SCT’’ ‘‘F7’’ 0.19 >0.01 �1.03 0.29 �12.95 0
‘‘F34’’ 0.24 >0.01 �0.31 0.75 �7.58 0

(continued on next page)

Fig. 17. Same as Fig. 13 but for ‘‘F34’’ and rainfall time series.

Table 9
Same as Table 6 but for ‘‘F34’’.

Rainfall series Model

DVECH CCC

(1,1) (2,2) (1,1) (2,2)

NRMSE NBIAS NRMSE NBIAS NRMSE NBIAS NRMSE NBIAS

‘‘S’’ 0.48 0.47 0.53 0.52 0.47 0.47 0.54 0.53
‘‘P’’ 0.44 0.44 0.50 0.49 0.44 0.44 0.51 0.50
‘‘F’’ 0.45 0.44 0.52 0.50 0.44 0.44 0.51 0.51
‘‘SCT’’ 0.52 0.51 0.57 0.55 0.51 0.51 0.56 0.55
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Table 10 (continued)

Rainfall series Streamflow series KPSS level stationary test KPSS trend stationary test ADF unit root test

Results p-Value Results p-Value Results p-Value

m = 2 m = 3 m = 4

Statistic p-Value Statistic p-Value Statistic p-Value

BDS test
‘‘P’’ ‘‘F7’’ 0.15 0 0.25 0 0.31 0

‘‘F34’’ 0.08 0 0.13 0 0.17 0

‘‘S’’ ‘‘F7’’ 0.15 0 0.26 0 0.33 0
‘‘F34’’ 0.08 0 0.14 0 0.17 0

‘‘F’’ ‘‘F7’’ 0.14 0 0.24 0 0.30 0
‘‘F34’’ 0.17 0 0.27 0 0.37 0

‘‘SCT’’ ‘‘F7’’ 0.14 0 0.24 0 0.30 0
‘‘F34’’ 0.17 0 0.28 0 0.36 0

18 R. Modarres, T.B.M.J. Ouarda / Journal of Hydrology 499 (2013) 1–18
application of these models are strongly suggested for other multi-
variate processes in hydrology and climatology in the changing
environment.
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